We propose a scheme to simulate the 1D Majorana equation with two Cooper pair boxes coupled to a 1D superconducting transmission line resonator, where strong coupling limit can be achieved. With proper choice of systematic parameters, we are able to engineer different kind of interactions, which are indispensable for simulating the Majorana equation in an enlarged real Hilbert space. Measurement of a conserved observable, i.e., the pseudo-helicity, via transmission spectrum of the cavity field can verify the simulated Majorana wave function. The measurement is experimentally resolvable according to our estimation based on conservative experimental parameters.
Quantum simulators [1] [2] [3] can be used to study quantum systems that are beyond the reach of classical computers. Meanwhile, they are expected to be more robust against various imperfections than quantum computers [3] . One of the successful cases is the quantum simulation of the Dirac equation, which combines quantum mechanics and special relativity [4] . In certain regime, electrons in graphene may behavior as Dirac fermions, which have recently raised strong interest in condensed matter physics [5] . Meanwhile, it is proposed that ultracold atoms in an optical lattice can be used to simulate such relativistic Dirac fermions [6] . Comparing with graphene, the atomic simulation may offer more controllability. Alternatively, simulation of the Dirac equation is also proposed in cold atoms [7] with light-induced gauge potential [8, 9] . Meanwhile, quantum simulation of the Dirac equation with trapped ions has also been proposed [10, 11] and experimentally verified [12] .
One of the greatest success of the applications of the Dirac equation is that it predicts the existence of antiparticle for electron. In viewing of the success, Majorana inquired whether it is possible that a particle to be its own antiparticle. As a result, he found an equation that such particles should satisfy, i.e., the Majorana equation (ME) [13] . Recently, it is proposed that ME can be simulated with trapped ions [14] , which is developed in an enlarged Hilbert space: An 1D ME is transformed to a 3D Dirac equation with dimensional reduction, i.e., the momenta in y and z directions of which are zero. The simulation of the ME is not straightforwardly as it is non-Hermitian, i.e., one needs to implement the complex conjugation of the Majorana wave function. Therefore, it needs new toolbox to access this unphysical operation in the simulation. * zyxue@scnu.edu.cn Superconducting system is generally regarded as one of the most promising candidates for physical implementation of qubit that can support scalable quantum information processing [15] [16] [17] [18] [19] . Recently, quantum simulators using superconducting circuits have attracted much attention [20, 21] . With mature microchip fabrication techniques, it can be used to simulate quantum systems in a flexible way. Especially, quantum simulation of the dynamical Casimir effect [22] [23] [24] [25] [26] , topologically protected states [27] [28] [29] [30] [31] , and single-photon transport [32] [33] [34] [35] are explored with superconducting circuits.
Here, we consider simulation of the ME with two Cooper pair boxes (CPB) coupled to microwave fields [36] [37] [38] [39] . Experimentally, this can be achieved by CPB capacitively coupled to a 1D transmission line resonator (TLR) [40] . Therefore, our scheme provides an interesting example of simulating physics associated with the relativistic ME in a mesoscopic circuit. As shown in Ref. [14] , the simulation is based on complex-to-real map, which transforms a ME into a higher-dimensional Dirac equation. For 2D or 3D ME simulation, one needs more qubits (more than 3) to simulate the transformed Hamiltonian. Unfortunately, in trapped ions system, individual addressing is difficult for large arrays (N > 3) [41] . Comparing with the trapped ion simulation, a distinct feature of the present proposal is that the combination of individual addressing with a many CPB setup is feasible.
A ME reads
where c is the speed of light, m is the mass, γ µ are the Dirac matrices with µ=1, 2, 3, and 4, and ψ c = iγ 2 Kψ is a charge conjugation field with K being a complex conjugation operator. For 1D case, ψ c = Cσ z ψ * , where C is a unitary matrix satisfying Cγ T = −γC with γ = iσ x σ z . We can choose C = iσ y in a suitable basis, i.e., ψ c = iσ y σ z Kψ = iσ y σ z ψ * . Then, the ME in 1D reads
where ψ is a two-component complex spinor, and p x = −i ∂ x is the momentum operator in x direction. To make the unphysical complex conjugation ψ → Kψ = ψ * to be implementable, one can map the twocomponent complex spinor into a four-component real spinor [14] , that is,
After this map, one can unify all the antiunitary or unitary operators and complex field ψ in an enlarged real Hilbert space. Then, Eq. (2) reads
where
T and it now becomes an implementable Hamiltonian equation. In Eq. (4), the four components of the spinor are nonlinearly coupled and cannot be separated, so it is a 1 + 1 Dimension ME with an irreducible 4 Dimensional Hilbert space notation. In the following, we will simulate the dynamics of the ME in 1+1 Dimension by engineering this Hamiltonian. Meanwhile, it is well known that the ME in 3D conserves the observable of helicity. In 1D, helicity reduces to the so-called pseudo-helicity Σ = σ x p x , and it is still conserved. However, it is not conserved in 1D Dirac equation as [Σ, H D ] = 0, where H D = cσ x p x + mc 2 σ z is the 1D Dirac Hamiltonian. Therefore, measurement of the pseudo-helicity can demonstrate the Majorana wave function and thus verify our dynamical simulation. Mapping into the real Hilbert space, the pseudo-helicity Σ readsΣ
where E is identity matrix. We now turn to our circuit QED simulation. The qubit considered here is the superconducting CPB consisting of superconducting island where two Josephson junctions with capacitance C J and Josephson energy E j are configured into a loop geometry, which is pierced by an external applied magnetic flux Φ. When the Josephson energy is much smaller than the charging energy E c = e 2 /2C Σ (C Σ = C g + 2C J ) and restricting the induced charge
, only a pair of adjacent charge states on the inland are relevant. Then, the CPB reduces to a simple two-level system described by [15] 
whereσ x ,σ z are the pauli matrices in the charge basis of
) is the electrostatic energy, and E J = 2E j cos(πΦ/Φ 0 ) is the effective Josephson energy with Φ 0 being the flux quanta. From Eq. (6), one can see that it is possible and convenient to control the qubit by the applied gate voltage V dc g and the pierced flux Φ [15] . Therefore, the qubit splitting energy can be tunable by the external magnetic flux even with fix gate voltage, e.g., at the degeneracy point N g = 1/2.
In circuit QED, the CPB is capacitively coupled to the center conductor via a capacitance C g , at the cavity mode's antinode with a maximum voltage. Meanwhile, besides the dc control voltage V dc g , the gate voltage on the CPB also includes an ac part from the oscillating cavity mode. Taking both parts into consideration, Eq. (6) reads
where a † and a are the creation and annihilation operators of the cavity mode, w r is its frequency, and g is the tunable coupling strength with g/2π ∈ [5.8, 100] MHz [42] . Denoting {| ↓ , | ↑ } as the ground and excited states of the first two terms of Hamiltonian (7), respectively. In this new basis, at the degeneracy point, within the rotating-wave approximation, Hamiltonian (7) reduces to the Jaynes-Cummings form [42] 
where ω = E J / and σ z is pauli matrices in the new basis.
In addition, a driven microwave field of frequency w d can also be capacitively coupled to the resonator, which can be in the form of
where ε(t) and φ are the amplitude and initial phase of the driven microwave field, respectively. All of the local operations on the qubit are rely on w d , ε(t) and phase φ, which have been experimentally achieved [40] . When the driven amplitude is large, comparing with the vacuum fluctuation of the resonator, the microwave field can be treated as a classical field. Make a unitary transformation U = exp(αa † − α * a) on the total Hamiltonian consists of (8) and (9) leads to [43] 
(10) Assuming that the driven amplitude is independent of time, one obtains −α∆ = ε exp[−i(w d t − φ)] with ∆ = ω r − ω d . In the rotating frame at frequency w d , we can rewrite (10) as
where Ω d = 2gε/∆ and δ
Working in the eigenbasis of the last two terms of the above Hamiltonian, the Hamiltonian (11) becomes
In the interaction picture, the interaction Hamiltonian of (12) reads [43, 44] 
which is key to achieve our effective Hamiltonian for simulating the ME and δ ′ = 2nπΩ d with n being an integer. From this driven Hamiltonian, one can engineer different type of interactions. For ∆ = Ω, one obtains
In rotating-wave approximation, one can neglect the fast oscillating terms, then the above Hamiltonian reduces to
Similarly, for ∆ = −Ω, one obtains
Meanwhile, for the strong driven case Ω ≫ ∆, one obtains
To simulate the 1D ME in circuit QED, we use two CPBs with level separation ω 1 and ω 2 , four microwave pulses of frequency ω d1 , ω d2 , ω d3 and ω d4 with initial phase φ 1 , φ 2 , φ 3 and φ 4 , and two cavity modes of frequency ω r1 and ω r2 . The level structure and the frequency of the driven fields are shown in Fig. 1 . As explicitly shown in Eq. (4), there are two components: the first one is the kinetic term of CPB 2 cp x (E⊗ σ x ) and the second one is the exchange coupling of the two CPBs. As the kinetic term is the combination of Hamiltonian (15) and (16), it can be generated by two detuned driving microwave fields of frequencies ω d1 and ω d2 with detuning ∆ 1 = ω r2 − ω d1 = Ω 1 and ∆ 2 = ω r2 − ω d2 = −Ω 2 , and the initial phases φ 1 = π/2 and φ 2 = −π/2. In typical experiments [40, 45] , we can choose ω r2 = 10 GHz, ω d1 = 9.9 GHz, ω d2 = 10.1 GHz, and Ω 1 = Ω 2 = 100 MHz. Then, we get the combined kinetic term Hamiltonian i g(a † −a)(E⊗σ x )/2 for CPB 2 with level separation of ω 2 = 9.7 GHz. Meanwhile, we on purposely chosen the two CPBs with much different energy splitting with ω 1 = 4.4 GHz, and thus ω d1 and ω d2 cannot generate similar kinetic term on CPB 1 as δ 1 = ω d1 −ω r1 = 4.9 GHz is
Level structure of our scheme. ω1, ω2 are level separation of the two CPBs, the frequency of the four microwave pulses are ω d1 , ω d2 , ω d3 and ω d4 , and ωr1 and ωr2 are the frequency of the two cavity modes.
much larger than {∆ 1 , |∆ 2 |} = 100 MHz, where we have chosen ω r1 = 5 GHz. The second term is generated by virtual excitation of the TLR, where we need the same detuning between the driving microwave fields and the two CPBs. As we choose the different CPB splitting energy, we also need two additional strong driving microwave field:
MHz, where we have chosen the microwave pulse with frequencies ω d3 = 4.5 GHz and ω d4 = 9.5 GHz. Using the effective Hamiltonian (17) with initial phase φ 3 = φ 4 = 0, we obtain g 2 (σ z ⊗E+E⊗σ z )(a † e i∆t +ae −i∆t ). The cross talk between the two coupling channels on CPB2, kinetic and exchange coupling, can be eliminated via rotatingwave approximation because of the chosen parameters ∆ ≫ ∆ 1 . Meanwhile, the driven on CPB 1 by ω d4 is neglecting small while δ 2 = ω d4 − ω r1 ≫ ∆. Then, in the interaction picture, the complete Hamiltonian reads
Rotating on the CPB1 and CPB2, Hamiltonian (18) can be rotated to
the effective Hamiltonian of which recover the 1D ME Hamiltonian in Eq. (4) with the identification of As mentioned above, to verify our simulation, we need to measure the pseudo-helicity, which is conserved in the 1D ME. We now move to measure the pseudo-helicity in circuit QED. We first deal with the kinetic term, which can be measured as following: (1) a state-dependent operator U 2 = exp(−ik(E ⊗ σ y ) ⊗ p x /2) acting on CPB2, which can be generated by two microwave pulses with both initial phases being π; (2) a σ z measurement of CPB2, which can be measured by microwave irradiation of the cavity and then probing the transition frequency to determine the qubit state [12, 42] . The above two steps equal to the measurement of [14] (21) where k is determined by the probing time [12] . As
, the kinetic term of Eq. (10) can be measured by probing the initial slope of the observable F (k) [12] . Similarly, the second spin exchange interaction term in Eq. (10), can be measured by a unitary transformation U 1 = exp(−ik(σ x ⊗ E) ⊗ p x /2) on CPB1, and measure the spin correlation σ z ⊗ σ x . For the former operation, an additional π/2 pulse is needed. Then, probing the initial slope as before, we obtain
Combining both the kinetic and spin exchange terms, we achieve our final goal of measuring the pseudo-helicity.
Although the absolute value of the pseudo-helicity is small, it should not hamper our measurement since what we need to measure is σ z . In circuit QED, high-fidelity quantum non-demolition measurements of σ z is now being an experimental routine [42] . In the following, we highlight the measurement process in our scheme with input-output formulism. In our model, as shown in Fig.  2 , if the cavity contains two qubits, the intracavity field come from b in will acquire some non-trivial dynamics which then compel the external field a out to have a time dependent difference comparing with the free field dynamics. As a result, there is a qubit-state-dependent phase shift between the input and output fields [46] .
As we all know that there is loss mechanism in all physical processes, particularly for measurements, which strongly influence the precision of the quantum nondemolition measurement. Therefore, dispersive regime should be considered in our measurements. Insight into the dispersive regime between the CPB 1 and the intracavity can be obtained by a unitary transformation
where a large detuning ∆ ′ = ω r1 − ω 1 ≫ g is assumed. Applying transformation (22) on the Hamiltonian (8) and (9) to second order in g (neglecting the damping for the moment), for CPB 1, we can get
in a rotating frame at the driven frequency ω d3 . Consider the resonator as a two-side leaky cavity with equal rates, as shown in Fig. 2 , the relationship between the input and output modes can be written as a out (t) = √ κa(t)−a in (t), where a out and a in are the output and input modes at the output port, respectively; a is the intracavity mode, and cavity lifetime 1/κ is about 160 ns in a typical circuit QED system [40] . The quantum voltage is related to the current carried by the TLR by I(x, t) = c l V (x, t). For the moment, it is more convenient to have stationary rather than traveling quantum voltage. For this mode, we obtain the following equation of motion for the CPB 1
where χ 1 = g 2 /∆ ′ and b in is the input mode at the input port of the resonator. After the Fourier transformation, we can obtain a spectra function between the input and output modes as
where δ(ω) is the Dirac function. Obviously, the σ z in the denominator is a formal indication that the output spectra should depend on the qubit state (σ z = ±1). In the case of ω = ω r1 − ω d3 , we can get [47] 
(26) Assuming the two input modes are independent and a in (t) is in the vacuum state because of very small reflection and backscattering of the resonator. Neglecting the two-photon process, a in (w) has no contribution to the normally ordered moment a out (w), and thus,
where · N signify a normally ordered moment, θ ± 1 is the phase shift dependent on the qubit state between the input field b in and the output field a out [tan(θ
andb in is a scaled quantity of b in . When the cavity resonance frequency and the driven frequency are confirmed, the phase shift depends on the CPB1 qubit state is about ± 134π 360 and the corresponding frequency interval is 29.6 MHz for our scheme, which is readily resolvable experimentally [40] .
Similarly, analogical transformation can be applied on CPB2, we can obtain
where ω ′ = ω d1 + ω d2 + ω d4 − ω r2 , tan(θ
∆ ′′ κ and χ 2 = g 2 /∆ ′′ with ∆ ′′ = ω r2 − ω 2 ≫ g. For the CPB2, θ 2 = ± 268π 360 and the frequency interval is 59.2 MHz. In summary, we propose to simulate the 1D ME with two CPBs capacitively coupled to a TLR in circuit QED system where we are able to engineer different kinds of interaction which constructing the wanted Hamiltonian for the ME. The conserved observable pseudo-helicity is measured via the input-output process, estimation based on conservative parameters shows that it is experimentally resolvable. 
